The question under consideration is Gevrey summability of power expansions of solutions to the third and fifth Painlevé equations near infinity. Methods of French and Japaneese schools are used to analyse these properties of formal power-series solutions. The results obtained are compared with the ones obtained by means of Power Geometry.
General theory
Let V be an open sector with a vertex in the infinity on extended complex plane or on Riemann surface of logarithm, i. e. V = {z : |z| > R, Arg z ∈ (ϕ 1 , ϕ 2 )}. w -is a holomorphic on V function andŵ = The next theorem contains conditions on the Newton polygon. We will describe the process of its construction.
Let us be given a linear differential operator
We will put in correspondence a set of points on the plane: (k, j k, 0 ), k = 0, . . . , n -a support of the operator L. We will define a set 
all positive slopes of the edges of the N(G,ŵ) to the X-axis.
The previous theorem 2 is formulated for a nonlinear differential equation and its formal solutionŵ.
In a particular case ∂ G ∂Y n (z,ŵ, , . . . ,ŵ (n) ) = 0 a Newton polygon of this equation on a formal solution can be constructed (Remark A.2.4.3 [2] ) as a polygon of an operator
We can show that this operator coincides with the operator M used to construct exponential expansions of solutions using the methods of Power Geometry [4] . Let (a j, k ) be a matrix of a transformation from the basis D,
. . , z n d n dz n in a vector space of linear differential operators. We can check that the element a j, k is equal to a j, k = S( j, k), where S( j, k) is a Stirling number of the second kind.This assertion is easily proved by induction using the fact that the elements of the matrix satisfy an equation a j+1, k+1 = a j, k + (k + 1)a j, k+1 . The transition matrix is lower triangular, the diagonal elements are equal to one (S( j, j) = 1). An inverse matrix (a j,k ) is also lower triangular, its elements are equal to a j,k = (−1) j−k s( j, k), where s( j, k) is a Stirling number of the first kind.
Let
. . , X n ). An operator (2) can be rewritten using
and this expression is a first variation of a differential sum F. Being calculated on a seriesŵ, it coincides with an operator M from [4] . The conclusion is -to construct a Newton polygon of the equation F(z, w, w ′ , . . ., w (n) ) = 0 on a solutionŵ we need to perform the following: 1) to calculate the first variation δ F δ w on a solutionŵ ;
2) to perform a transformation expressed by a matrix (−1) j−k s( j, k);
4) to find the set (k, j k, 0 ), k = 0, . . . , n; 5) to construct a convex hull of this set in half-plane q 1 ≥ 0. Remark 1. The steps 2 and 3 can be interchanged: i. e. instead of the condition ∂ G ∂Y n (z,ŵ, , Dŵ, , . . ., D nŵ ) = 0 we can check the condition
Remark 2.
We use a Newton polygon considered in [2] to calculate the Gevrey orders but it can be easily shown that Gevrey order of the solution can be calculated via constructing a polygon of the eqaution used in Power Geometry [3] . To calculate the order we should perform a transrormation u = ln y in the operator M (z) [4] , applied to u, to reduce an expression by u and for the differential sum obtained (the sum depends on z and y) to construct a polygon. In conditions of the theorem 2 the tangents are replaced by cotangents.
The fifth Painlevé equation
We consider the fifth Painlevé equation
where α, β , γ, δ are complex parameters, z is an independent complex variable, w is a dependent one, and we consider its formal power series solutions near infinity. Such solution are obtained in a work [1] .
If αβ γδ = 0 there exist the following five expansions:
If αβ γ = 0, δ = 0 there exist the following four expansions:
The coefficients c s , c s,l ∈ C, l = 1, 2, 3, 4 are uniquely determined constants, i. e.: if we fix the values of the parameters α, β , γ, δ these coefficients are uniquely determined as solutions of a non-degenerate system of linear equations. Proof. We apply the theorem 2 taking as an equation (1) an equation (3) multiplied by z 2 w(w − 1) with all the terms of the equation put into the right part:
we take insteadŵ the series (4), (5), (6) in course. If the principal part is not equal to zero, we can easily obtain the case of a zero principal part using a transformation; we speal about Gevrey order of a regular prat of the series. The first variation of the equation P 5 represented in a form of a differential sum (2) is equal to
We substitute a series (6) to the expression (2) and write only coefficients of d 2 dz 2 , d dz and identity operator with the maximum degree in z:
a support of such an operator consists of the points (0, −1), (1, 1), (2, 1), the Newton polygon is shown in Fig. 1 . Analogous calculations can be performed for the series (5) . We obtain an operator
the support of it consists of the points (0, −2), (1, 0), (2, 0), its Newton polygon (brought down by a vector (0, 1)) is shown in Fig. 1 . For the series (4) we obtain an operator
Its support consists of the points (0, −4), (1, −2), (2, −2), its Newton polygon
